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ABSTRACT: We use density functional theory to investigate how the presence of polymers influence the
interactions between adsorbing or nonadsorbing flat surfaces, forming a slit geometry. The study is primarily
made under “restricted equilibrium” conditions, i.e., below a threshold separation, the chains are allowed to
equilibrate conformationally between the surfaces, but they are unable to diffuse into or out from the slit. This
is believed to be a reasonable model for commonly encountered experimental situations, when the surfaces are
large and adsorbing and the polymers are long. Using a recently presented density functional theory, we are able
to compare predictions for chains of finite and infinite length. A major advantage of the infinite chain formulation
is that it is a high resolution theory, and predictions from the finite length version will exactly approach the ones
for infinite chains, when the degree of polymerization becomes large enough. Our study spans across a relatively
large number of relevant system parameters, such as bulk concentration, surface adsorption strength, polymer
length, and chain flexibility. The response in terms of the net surface interaction, to a change of a system parameter,
is often nonmonotonic. We also make comparisons with predictions at full equilibrium, where the diffusion
constraint has been relaxed. We give a specific example of how a diffusion-limited process can lead to hysteresis
effects, similar to those observed in many surface force measurements. Finally, in a separate section of this work,
we have included some direct experimental comparisons, demonstrating the relevance and applicability of restricted
equilibrium conditions to “real world” scenarios. The computational power of the density functional approach is
here highlighted, with calculations including semiflexible 20000-mers.

1. Introduction

Polymers are known to have a substantial influence on the
interaction between surfaces and particles, sometimes even at
long range. This property is used in nature as well as in many
industrial processes. Scientists have made considerable efforts
to understand and predict how surface forces are affected by
the presence of polymers. One major problem is the very large
number of parameters that are required to characterize a given
system. On the other hand, this is also why polymers find such
a wide range of applications. Relevant system parameters, for
neutral polymers include the following: chain length; polydis-
persity; solvent-monomer, monomer-monomer, and solvent-
solvent interactions; solvent-surface and monomer-surface
interactions; intrinsic chain stiffness; polymer architecture
(block, star etc.); temperature; polymer concentration and
solution compressibility. Unfortunately, specifying even all of
these parameters may still not suffice to characterize the system
completely. Nonequilibrium effects are often considerable, and
can sometimes dominate the overall behavior. This is obvious
from surface force measurements, where the interaction for
approaching surfaces commonly differs, even qualitatively, from
the one obtained when the surfaces are drawn apart.1 In a true
equilibrium situation they would coincide. It is generally
believed that a major contribution to the observed nonequilib-
rium effects, is a diffusion-limited bulk exchange of polymers,
as the surface separation is changed. This suggestion is
supported by the fact that equilibrium curves usually are

obtained between polymer brushes, where essentially all chains
are anchored to the surfaces.2 Effects due to slow diffusion
processes are expected to be particularly relevant when the
average degree of polymerization is large.

A common theoretical assumption is that the chains, which
have been “captured” between two large surfaces, are still able
to equilibrate their configurations. This is is usually defined as
“restricted equilibrium”.3-5 This system may be treated with
an equilibrium theory, by introducing a semipermeable mem-
brane at the edges of the slit preventing exchange of polymers
with the bulk, but allowing free diffusion of solvent particles.

In this work, we will investigate forces between large flat
surfaces in the presence of polymers, under the restricted
equilibrium constraint below a threshold separation. We will
use density functional theory (DFT), including a recently
reported version for chains of infinite length.6 This theory is
able to resolve structural details at the monomer length scale,
and fulfills thermodynamic sum rules, such as the contact value
theorem. This is in contrast to the commonly used Edwards-
deGennes theory,3,7-14 where predictions only can be made at
a coarse-grained level. Several additional approximations are
usually added to the original Edwards formulation, in order to
tailor the theory to various circumstances (small density
gradients etc.), and the validity of these assumptions is rarely
demonstrated by explicit examples. This is partly due to
fundamental difficulties associated with direct comparisons with,
for instance, simulations. These problems are not only imposed
by the obvious difficulties of simulating “infinite” (very long)
polymers, but are also related to the inability of the theory to
handle structural details. For instance, the polymer-surface
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Hamiltonian is often replaced by physically ambiguous boundary
conditions.

Additional approximations to the Edwards theory may lead
to erroneous conclusions. For example, deGennes3 predicted a
generally monotonic repulsive surface force in the presence of
infinite polymers, under restricted equilibrium conditions at the
mean-field level. The analysis contained a number of ap-
proximations, and subsequent studies5,14 have shown that this
prediction does not apply to systems where the chains have finite
length, even when they are rather long. As we shall see below,
it is not supported by a full solution of the mean-field density
functional theory either, even for chains of infinite length.
Another prediction by deGennes (in the same work) was that
surface forces are monotonically attractive under conditions of
full equilibrium. This prediction has been confirmed by infinite
chain density functional calculations,6 but sometimes significant
free energy barriers are present even for very long chains. In
other words, the approach to infinite length behavior is in some
cases quite slow. An interesting finding in deGennes’ work was
that, when the restricted equilibrium case was analyzed at the
same level of approximation as the corresponding problem at
full equilibrium, azero force prediction was obtained.

Finally, it is worth mentioning the “scaling” approach,
introduced by deGennes3 to treat infinite polymers between
surfaces. This approach is not able to resolve structure at the
monomer length scale, which may have an important bearing
on surface forces, especially with respect to the extent to which
this structure governs adsorption onto surfaces. In this work,
we shall make comparisons with experimental systems close
to Θ conditions, where mean-field theories, such as the density
functional theory employed here, are expected to display a
reasonable scaling behavior. Furthermore, we also explore
athermal systems (effectively good solvents), where the density
functional theory has also been shown to provide reasonably
accurate predictions, when compared with simulations, at least
for relatively short chains.15,16,31,35

The density functional formalism can be used to treat flexible
as well as semiflexible chains, and it has the added advantage
that solvent particles can be easily includedexplicitly, without
an incompressibility assumption. In many cases17-24 an explicit
solvent model has uncovered new phenomena. Finally, the
density functional theory for infinite chains is a rigorous limit
of the theory for finite polymers.15,16,25This allows us to properly
address the crucial issue about the applicability of infinite chain
theory predictions on experimental systems containing polymers
of finite length. In other words: how long do polymers need to
be in order to be qualitatively regarded as “infinite”? Note that
in practice, very long chains find few practical applications,
mainly due to problems with diffusion, viscosity and high cost.
In our previous work,6 we found that very high molecular
weights are sometimes required to reproduce infinite length
behavior, evenqualitatiVely. Furthermore, a nonmonotonic
dependence of interaction free energy barrier height on the
degree of polymerization was found. This is a behavior that
cannot be captured by first-order perturbation theories.26,27That
study was limited to conditions of full equilibrium. In the present
case, we perform similar comparisons, but focus on surface
interactions under restricted equilibrium conditions.

The density functional formulation is recapitulated in the next
section, which is followed by a presentation of our results. These
are in turn divided in two separate sections: the first contains
detailed theoretical analyses, while the latter focuses on
comparisons between density functional predictions and ex-

perimental data. The paper concludes with a few summarizing
comments.

2. Model and Theory

2.1. Confining Surfaces.We calculate interactions between
infinitely large, flat and parallel surfaces. The confining hard
walls are perpendicular to thez-direction, and are located atz
) 0 andz ) h. In addition to the hard, confining interaction,
the monomers will in general also sense a surface attraction,
Vex(z, h), where

The first part of our work focuses on purely theoretical analyses,
which are simplified by the use of a truncated adsorption
potential. Here, we will adopt a Morse potential

whereâ is the inverse thermal energy, whileσ is the monomer
diameter. Hence, the “well depth” is directly given by the
amplitude factor,A. The range of the adsorption potential is
limited by a truncation and shift procedure, i.e.:

The position of the minimum value of the potential,zm, is
defined such thatwex(z ) 0) ) 0. Choosingzc - zm ) 2.9, we
obtainzm ≈ 0.346. This means that the adsorption potential has
no repulsive part (hard walls are located atz ) 0 andz ) h,
though). Overlap between opposing potentials occurs below
separations of abouth ) 6.5σ.

In the second part of our work, we shall make comparisons
with a specific experimental system, in which dispersion
interactions are expected to dominate. Hence, we will in this
case adopt an integrated Lennard-Jones adsorption potential:

where the surface affinity is modulated by the amplitude factor
AL-J.

2.2. Finite Chains.Our theory is based Woodward’s density
functional formalism,15 but we will adopt further developed
versions for flexible16 and semiflexible25 polymers. Quite
recently,6 these were generalized to handle the infinite length
limit. We first recapitulate the description for finite chains. We
denote the position of theith monomer in a chain byr i. The
complete polymer configuration of anr-mer can then be written
as: R ) (r1, ..., r r). Neighboring monomers along a chain are
connected by bond of a fixed lengthσ, which also defines their
diameter. Hence, e-âVB(R) ∝ ∏r

i)1-1 δ(|r i+1 - r i| - σ), where
VB(R) is the bond potential. The density distribution,N(R) is
defined such thatN(R) dR is the number of polymer molecules
having configurations betweenR and R + dR. We can then
extract the monomer densityn(r ) from n(r ) ) ∫Σi)1

r δ(r - r i)-
N(R) dR. The free energy functional,F[N(R)], contains an ideal
(Fid[N(R)]) and an excess (Fex[N(R)]) part:

The ideal term is given by

Vex(z, h) ) w(z) + w(h - z) (1)

âwex
ref(z) ) A([1 - e-2(z-zm)/σ]2 - 1) (2)

wex(z) ) wex
ref(z) - wex

ref(zc) (3)

âwL-J(z) ) 2πAL-J[ 2
45(σz)9

- 1
3(σz)3] (4)

F[N(R)] ) Fid[N(R)] + Fex[N(R)] (5)

âFid[N(R)] ) ∫ N(R)(ln[N(R)] - 1)

dR + â ∫ N(R)(VB(R) + Vex(R)) dR (6)
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whereVex(R) is the previously defined surface potential. Note
that for purely ideal chains, the theory is exact. The excess part
has to be approximated. Following Woodward,15 we formulate
it in terms of the monomer density:Fex[n(r ); nj(r )], wherenj(r )
is a weighted density:28

We estimateFex[n(r );nj(r )] from an integration of the “General-
ized Flory-Dimer” (GFD) equation of state.29 Explicit expres-
sions are provided in ref 16. Other weight functions and
functionals have been suggested and compared,30,31 but the
specific choice is less relevant to this study, which focuses on
solutions with an implicit solvent and a low monomer concen-
tration.31

The grand potential,Ω, is obtained from

whereµp is the chemical potential of the polymer fluid in the
bulk. By minimizing the grand potential we obtain the corre-
sponding equilibrium density distribution,Neq(R). However, in
our model system, bulk exchange is prevented below a threshold
surface separationhT. Above this separation, we relax the
constraint and assume full equilibrium. This serves as an
idealized model of the diffusion-limited processes discussed in
the previous section. It should be emphasized that we, unless
otherwise specifically stated, allow for complete adsorption
equilibrium athT. The theoretical part of this work only consider
such situations. When we proceed to make comparisons with
experiments, we will also investigate the interesting and relevant
scenario of undersaturated surfaces (incomplete incubation time).

At separations belowhT, the diffusion constraint is conve-
niently handled by a potential,Φ(h), which adjusts with
separation so as to conserve the number of monomers in the
slit. Φ(h) acts uniformly across the slit, and serves a similar
purpose as the Donnan potential in electrolyte theory, where it
enters to ensure electroneutrality. Specifically, we obtain the
following expression for the density distribution:

where

We emphasize thatΦ(h > hT) ) 0, and that this potential is
a mathematical way to treat the way in which diffusion
restriction modulates our reference “full equilibrium functional”.
This allows us to prevent bulk exchange and yet retain the
functional form, eq 8.

The free energy per unit area,g(h), is given byg(h) ) Ωeq/S
+ Pbh whereΩeq is the equilibrium grand potential andPb is
the osmotic pressure in the bulk. The symmetry, coupled with
our mean-field assumption, allows us to integrate away all
(x, y) dependence. At large separations,g approaches twice the
tension at a single surface,γs. However, since our focus is on
restricted equilibrium conditions, we have in most cases used
the definition ∆g(h) ≡ g(h) - g(hT); i.e., we measure free
energies relative to a reference at the transition distance.

The intrinsic rigidity of semiflexible polymers is modeled
via a stiffness potential,EB, which effectively imposes a

repulsion between next nearest neighbors in a chain. If we by
si denote the bond vector between monomersi and i + 1, we
can writeEB as follows: âEB ) ε(1 - (si‚si+1)/σ2), whereε

regulates the strength of the stiffness potential. Furthermore,
with ∆zi ≡ zi+1 - zi, we can write the vector product as

whereφi,i+1 is the angle between si and si+1, as projected onto
the plane of the surfaces. If we average the Boltzmann factor
over the surface plane, we get the following:

HereI0(x) ) (1/2π)∫0
2π exp[-x cosφ] dφ is a modified Bessel

function, which can be evaluated from a polynomial expansion.
The equilibrium monomer density profile, which minimizes the
free energy, reads as follows:

HereΘ(x) is the Heaviside step function,

The notation is simplified by the omission of the special
treatment of end monomers in the GFD functional16 (they were
handled appropriately in the calculations, though). By neglecting
effects from hard core repulsions, we can estimate several
relevant single chain properties. For instance, denoting the
position vector between end monomers byRee, we can evaluate
the persistence length,êp ) 〈Rees1/σ〉, as

Even for moderate values ofε, this simplifies toêp/σ ≈ ε, which
perhaps provides a more intuitive interpretation of the stiffness
parameter. Furthermore, the root-mean-square end-to-end sepa-
ration,Re ≡ 〈ReeRee〉1/2, is given by

where the brackets,〈...〉ε denote a Boltzmann weighted orien-
tational average, at the given stiffness parameter,ε.

We first describe how eq 13 can be solved for the simpler
case of flexible (ε ) 0) polymers, in which case the last product
is unity. We define an auxiliary fieldcf(i,z), for positioni along
the chain. Equation 13 can then, for flexible chains, be written
as:6,30,32

njm(r ) ) 3

4πσ3 ∫|r - r ′|<σ
nm(r ′) dr ′ (7)

Ω[N(R)] ) Fid[N(R)] + Fex[n(r );nj(r )] - µp ∫ N(R) dR
(8)

Neq(R) ) eâ(µp-VB(R))∏
i)1

r

eΦ(h)-âλ(r i) (9)

λ(r ) ) â(δFex/δn(r ) + Vex(r )) (10)

si‚si+1 ) ∆zi∆zi+1 + (σ2 - ∆zi
2)1/2 ×
(σ2 - ∆zi+1

2)1/2cosφi,i+1 (11)

Ψ(∆zi, ∆zi+1) ) e-ε(1-(∆zi∆zi+1)/σ2)I0 ×

[ε(1 - (∆zi

σ )2)1/2(1 - (∆zi+1

σ )2)1/2] (12)

n(z) ) eâµp∑
i)1

r ∫0

h
δ(z - zi) ∑

j)1

r

e-λ(zj)∑
k)1

r-1

Θ(|∆zk| - σ)∑
l)1

r-2

Ψ

(∆zl, ∆zl+1) dz1...dzr (13)

Θ(x) ) {1 , x e 0
0 , x > 0

(14)

êp/σ )
ε(1 - e-2ε)

1 - e-2ε(1 + 2ε)
(15)

〈ReeRee〉

σ2
) r - 1 + 2∑

i)1

r-2

(r - 1 - i)[e-2ε(1 + ε) + ε - 1

ε(1 - e-2ε) ]i

(16)

n(z) ) Fp
b∑

i)1

r

cf(i,z)cf(r + 1 - i,z) (17)
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whereFp
b is the bulk polymer density.cf(i,z) fulfills a recursive

relation (for 2e i e r):

with cf(1,z) ) 1. Here,λb is the value ofλ in the bulk, which
one may refer to as the “excess monomer chemical potential”.
The connectivity matrix,T(z,z′), is defined as

With semiflexible chains, the corresponding solution requires
a three-dimensional matrix,cs(i,z,z′), which should be used
sparsely if computational efficiency is of interest, i.e., for long
chains (see below). The connectivity matrix,Ts(z,z′), now reads:

The monomer density is obtained from

with the following closure:

2.3. Infinitely Long Chains. In an infinitely long polymer,
all monomers are equivalent, i.e., all monomers are “central”.
It may be useful to think of it as a very large ring polymer. The
equivalence of all monomers simplifies the iterative procedure
considerably, which now can be formulated as

wherenb is the monomer density in the bulk solution. The vector
γf(z) fulfills the closure

These equations are rapidly solved in an iterative manner.
With semiflexible chains, the corresponding solution requires

a two-dimensional matrix,γs(z,z′), but the iterative relations are
still simple:

with

The formalism above (for finite and infinite chains) is general
in the sense that it does not rely on any specific choice of the
approximate part,Fex. We shall primarily be using a GFD
functional, the high accuracy of which has been demonstrated
in several studies.16,29,33-36 There are in principle other viable
options,37-40 which display an accuracy comparable to the GFD.
They would be likely to produce results similar to those found
in this work.

As we pointed out in our previous study,6 an interesting
alternative would be to use a continuum DFT version41 of the
Scheutjens-Fleer theory.42 An important point is that this kind
of theory relies on a different view of the solutions, since the
solution is assumed to be completely incompressible, even on
a local scale. We will therefore include a comparison with
predictions from such a model at the very end of this work.
With this exception, we will use the GFD functional as described
above, and thus implicitly assume that solvent effects are
captured via the monomer-monomer potential of mean force
and McMillan-Mayer theory.

2.4. Computational Efficiency. In the second part of our
work, we will compare DFT predictions on flexible and
semiflexible polymer models, with experimental surface force
data. These comparisons are in general made for very long
chains, up to 20000-mers. In those cases, it is worthwhile to
make some effort to optimize the computational efficiency of
the code, in particular for the semiflexible chains. Below we
list a few useful strategies:

•Higher order vectors are used as seldom as possible. For
example, integrals, such as eq 18 are more rapidly evaluated if
we introduce “alternating vectors” cA(z) and cB(z). If we define

followed by an updating loop which setsc(i,z) ) cB(z), we can
set

and c(i + 1,z) ) cA(z) and so on. Evaluating integrals with
lower order vectors is even more important for semiflexible
chains, in which case we replace the three-dimensional vector
c(i,z,z-z′) by two-dimensional “alternating vectors”cA(z,z -
z′) and cB(z,z - z′). For long chains this trick speeds up the
code considerably.

•Good initial guesses for the iterative solutions are made. For
the first calculation, one might use the corresponding infinite
chain predictions. The latter are obtained (somewhat paradoxi-
cally) very quickly. Once a solution at one separation is
obtained, it can be suitably scaled to provide an initial guess
for a density at another surface separation.

•The DFT parallelizes extremely well. We have only tested
up to four processors, for which we get a speed-up of 4.0

•Matrices are indexed in an optimal fashion. This depends
on the language in which the program is written (e.g., Fortran
or C) as well as the nature of the solution algorithm itself.

3. Results

Only monodisperse polymer solutions are considered. In order
to estimate the thermodynamic significance of the calculated
interactions, we will sometimes compare our results with the
nonretarded van der Waals (“vdW”) attraction, using a typical
Hamaker constant of 10-20 J.

3.1. Theoretical Analysis.In this section, we only consider
athermal hard core polymer fluids (“good solvent conditions”),
and the surfaces are of the “truncated Morse potential” type,
eq 3.

We will investigate how the polymer mediated surface
interactions respond to changing the following system param-
eters:

•chain length,r;
•surface affinity,A;
•intrinsic chain stiffness,ε;

cf(i,z) ) eλb ∫cf(i - 1,z′)T(z′,z) dz′ (18)

T(z′,z) )
e-λ(z′)/2Θ(|z - z′| - σ)e-λ(z)/2

2σ
(19)

Ts(z′,z) )
e-λ(z′)/3Θ(|z - z′| - σ)e-λ(z)/3

2σ
(20)

n(z) ) Fp
b∑

i)1

r ∫ cs(i,z,z′ - z)cs(r + 1 - i,z′,z - z′)Ts(z,z′) dz′

(21)

cs(i,z,z′ - z) ) e2λb/3 ∫ cs(i - 1,z′′,z - z′′) ×
Ψ(z - z′′,z′ - z)Ts(z,z′′) dz′′ (22)

n(z) ) nbγf
2(z) (23)

γf(z) ) eλb ∫ γf(z′)T(z′,z) dz′ (24)

n(z) ) nb∫ γs(z,z′ - z)γs(z′,z - z′)Ts(z,z′) dz′ (25)

γs(z,z′ - z) ) e2λb/3 ∫ γs(z′′,z - z′′)Ψ(z - z′′,z′ - z) ×
Ts(z,z′′) dz′′ (26)

cB(z) ) eλb ∫ cA(z′)T(z′,z) dz′ (27)

cA(z) ) eλb ∫ cB(z′)T(z′,z) dz′ (28)
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•bulk monomer concentration,nb.
In particular, we consider varying these quantities around the

following “reference” values:r ) 200;A ) 1; ε ) 0 or 6;nbσ3

) 0.001. Unless otherwise stated, restricted equilibrium condi-
tions will apply at separations belowhT ) 40σ. In the next
section (containing experimental comparisons) we shall adopt
a larger value ofhT. We will also investigate effects of how
diffusion limitation can generate hysteresis effects.

3.1.1. Full vs Restricted Equilibrium. We have performed
calculations for polymer solutions with both full and restricted
equilibrium boundary conditions. In Figure 1a, we consider the
reference systems. Note that the free energy is only shown for
h < hT. For the restricted equilibrium case

wherePb is the bulk pressure, and the last term is zero at all
separations, asΦ(h) ) 0 for separations abovehT, and the
monomer surface density is conserved for separations below
ht. n(h) is the monomer density adjacent to the surface, and is
a continuous function ofh. Thus, ∆g(h) is continuously
differentiable ath ) hT for both full and restricted equilibrium
boundary conditions. Figure 1a clearly shows that systems with
restricted equilibrium generally display less attractive interac-
tions when compared with the completely relaxed case. The
degree of difference between these systems depends upon the
polymer length and the intrinsic chain stiffness. In particular,
we note how the restricted equilibrium curve deviates strongly
from the relaxed one even at relatively large separations, in the
presence of semiflexible chains (ε ) 6) of infinite length, Figure
1b. The occurrence of a short-ranged attraction (h < 5σ),

sometimes accompanied by a free energy barrier in some
systems may be due to either polymer bridging or the interaction
of the potential well from one surface with polymers adsorbed
on the other surface. As will be discussed later, both these
attractive mechanisms may become important at short-range,
especially for flexible polymers. Remember that adsorption
potentials on opposing surfaces start to overlap belowh ≈ 6.5σ.
On the other hand, for semiflexible polymers, attractions at
longer range (h > 10σ) is unambiguously due to polymer
bridging.

3.1.2. Chain Length. In Parts a and b of Figure 2, we
investigate the role played by the degree of polymerization,r,
for fully flexible chains. We see that, in all the cases we studied,
there is a barrier ath ≈ 5σ, with an attractive well at shorter
separations. The depth of the well, and the barrier height, depend
strongly on the length of the dissolved polymers. For example,
we note that the well-depth is dramatically reduced as the
molecular weight increases. Figure 2b focuses on the repulsive
regime at long range. Here, we see that shorter chains generate
a stronger repulsion at long range, presumably due to the
presence of more tails. However, the height of the free energy
barrier increases withr, thus the free energy curves cross each
other. As mentioned above, this barrier is due to the structure
of adsorbed monomers. The amount adsorbed is greater for
larger r, due to greater cooperativity.

The corresponding interactions for semiflexible chains (ε )
6) are qualitatively different from the flexible case, with an
attraction at long range that increases with polymer length. This
is illustrated in Figure 3. This attraction is generated by strong
bridging interactions (as will be discussed later) and is consider-
ably stronger than the expected van der Waals interaction at
these separations. In the presence of 200-mers, there is a free
energy barrier, and a strong attraction at short range. This

Figure 1. Comparison between surface interaction free energies at full and restricted (hT ) 40σ) equilibrium, respectively. The surfaces are
adsorbing (A ) 1) and the bulk monomer concentration isnbσ3 ) 0.001. The dashed line shows a nonretarded van der Waals (vdW) attraction,
assuming a Hamaker constant of 1E - 20 J. Surface forces at full and restricted equilibrium are given for all four reference systems. (a) Solutions
containing flexible (ε ) 0) and semiflexible (ε ) 6) 200-mers. (b) Solutions containing flexible (ε ) 0) and semiflexible (ε ) 6) infinitely long
chains.

Figure 2. Interaction free energies between adsorbing surfaces, at restricted equilibrium conditions (hT ) 40σ), in solutions containing flexible
polymers. Each curve represents a monodisperse solution, where all chains have a given lengthr. Note that∆g(h) ≡ g(h) - g(hT). The dashed line
is as defined in Figure 1. Graph b is a blow-up of the repulsive regime at long range.

d∆g(h)
dh

) â-1n(h) - ∫0
h n(z)

δVex(z, h)

δh
dz + Pb +

Φ(h) ∫0
hδn(z)

δh
dz (29)
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is absent for the systems with the higher degree of polymeri-
zation. This is because the average monomer density in the slit
is greater for longer polymers. The resulting entropic confine-
ment of the longer chains leads to a larger repulsive free energy
contribution, which dominates the surface interaction at shorter
separations.

An important advantage of a high resolution theory of the
kind considered here, is that it is possible to scrutinize the
interactions in a mechanistic fashion, by extracting the separate
contributions to the total osmotic pressure acting across the
midplane (perpendicular to the surfaces). In an athermal system,
these contributions are as follows:

• a repulsive ideal entropic pressure,Pid, simply given by
the total monomer density at the midplane;

• a repulsive collisional pressure,Pcoll, caused by hard core
interactions between monomers on either side of the midplane;

• an attractive pressure,Psurf, from particles on one-half of
the midplane interacting with the surface on the other side;

• an attractive bridging term,Pbr, from intrachain bonds
crossing the midplane.

Explicit expressions for these has been presented else-
where.43,44 Furthermore, the total internal osmotic pressure is
given by: Ptot ) Pbr + Pid + Pcoll + Psurf, which approaches
the bulk pressure,Pb, at large separations. AlthoughPcoll is
termed a “collisional” contribution, it should be noted that its
origin actually stems from configurational constraints imposed
by the excluded volume of particles, and not from impulsive
forces.

The dependence of these components on the separation,h,
for infinite semiflexible polymers is given in Figure 4. Clearly,
Pid andPbr dominate the surface interaction at these separations,
but since the degree of polymerization is infinite, these
components will exactly cancel as the surfaces are drawn far
apart. Specifically,-âPbr ) âPid ) nb, at infinite separation.
Thus, we have also plotted their sum, which is more clearly
depicted in the inset of Figure 4. The attractive regime of the
surface pressure occurs wherePcoll is larger than its bulk value,
Pb. Hence, the attraction is due to the bridging component, which
dominates the sum,Pid + Pbr.

3.1.3. Surface Affinity. The polymer mediated interaction
between two surfaces will also depend strongly on the monomer-
surface interaction. This is clearly demonstrated in Figure 5,
for flexible chains. For 200-mers, Figure 5a, there is a
nonmonotonic response, as the surface potential strength,A, is
increased. AtA ) 0, the surface interaction is repulsive. This
is due to the reduction in configurational and conformational
entropy of the confined chains as the surfaces approach. Here,
it should be pointed out that, in practice, one would not expect
restricted equilibrium conditions to prevail when the surfaces

are nonadsorbing. Still,A ) 0 serves as a useful reference, i.e.,
the asymptote of very weak adsorption. Increasing toA ) 1
leads to the appearance of an attractive well, as seen before.
However, forA ) 2.5, there is a counterintuitive decrease of
the well-depth. This is due to the increased number of monomers
drawn into the interstitial region ath ) hT, whenA is increased.
A similar effect was seen above when we considered ther
dependence of the interaction. Qualitatively similar behavior is
demonstrated for infinitely long polymers, Figure 5b. Note,
however, that the free energy minimum that occurs atA ) 1 is
about an order of magnitude deeper with the shorter chains.
Furthermore, in the presence of infinitely long chains, the surface
force appears, on this scale, to be monotonically repulsive atA
) 2.5.

The inset of Figure 5b highlights the transition between full
and restricted equilibrium ath ) hT for infinite chains. In
agreement with a theorem by deGennes,3 the fully equilibrated
system is attractive at largeh. Furthermore, as pointed out
earlier, the interaction free energy is continuously differentiable
at hT. Thus, in this region the interaction between surfaces at
restricted equilibrium will be attractive, albeit weakly so. This
fact is fundamentally interesting, because the attraction athT

follows from the deGenne’s theorem for fully equilibrated
systems, which has been confirmed (at least numerically) by
density functional calculations of the kind adopted in this study.6

This suggests that the attraction may well be a ubiquitous
phenomenon for restricted equilibrium systems with the type
of sample history described here.

In parts a and b of Figure 6, we investigate the role played
by surface potential strength for semiflexible polymers (ε )
6). For 200-mers, we once again find a nonmonotonic response
to increasingA. For purely hard walls the interaction free energy
is repulsive, except very close tohT. For moderately attractive
surfaces (A ) 1), a strong attraction persists down to small
distances. However, a repulsive free energy is reestablished at
large separations forA ) 2.5, together with an attractive well
at smaller separations. With adsorbing surfaces, the attractive
regimes are due to strong bridging interactions. As with flexible
polymers the nonmonotonic behavior with respect to the
adsorption strength is due to increasing number of monomers
per unit area, which increases the repulsivePid and Pcoll

components to the osmotic pressure.
For infinite polymers, however, there is a monotonic response

to the adsorption potential strength, as shown in Figure 6b. With

Figure 3. Surface interactions under the same conditions and in Figure
2, but where the chains are semiflexible:ε ) 6. The dashed line is as
defined in Figure 1.

Figure 4. Separate contributions to the osmotic pressure acting across
the mid plane of the slit, for the infinite chain length system displayed
in Figure 3. The inset is a blow-up where the sum of the ideal (Pid)
and bridging (Pbr) contributions can be more carefully compared with
the collisional term,Pcoll. Ptot is the total internal osmotic pressure in
the slit, acting perpendicular to the surfaces. Note that we only display
the long range part, where there are no monomer-surface interactions
across the mid plane, i.e.,Psurf ) 0. At infinite surface separation,Pid

+ Pbr ) 0, while Pcoll ) Pb. In the present case, the bulk pressure is
small, âPbσ3 < 10-6.
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purely hard walls,A ) 0, the slit is depleted of monomers for
h e hT. Hence,∆g is zero in this regime. Increasing the surface
attraction leads to progressively deeper attractive wells occurring
at aroundh ) 15σ. This attraction is due to bridging interactions.
We see in general that the depth of the attractive well is weaker,
but more long-ranged, than in the finite-sized polymer systems
(r ) 200). This is due to the higher monomer density between
the surfaces for infinite chains, which increases the repulsive
osmotic pressure components. On the other hand, the interaction
free energy at long range is less attractive for finite chains. This
is due to overlap of tails of adsorbed polymers, which add to
repulsive forces but contribute weakly to bridging.

3.1.4. Intrinsic Chain Stiffness. In Figure 7, we compare
the interaction between surfaces, immersed in solutions with
the same bulk density, but where the intrinsic chain rigidity is
different. Again, it appears that the for finite sized polymers (r
) 200), the response is nonmonotonic. While fully flexible
chains induce a free energy barrier, moderately stiff ones (ε )
6) generate a strong and rather long-ranged attraction. With a
further increased stiffness (ε ) 12), this attraction becomes

considerably weaker, turning repulsive already ath ≈ 10σ. This
response is qualitatively similar when the chain length is infinite,
but in this case the stiffest chains generate an attractive well
that is almost as deep as with the moderately stiff ones. At long
range, the attraction is even slightly stronger.

3.1.5. Bulk Monomer Concentration.One would expect that
under conditions of restricted equilibrium, i.e., belowhT, the
surface interactions become more repulsive at higher bulk
monomer concentrations (assuming full equilibrium athT). This
is because the fixed internal monomer surface density, deter-
mined ath ) hT, becomes larger asnb increases. This conjecture
is confirmed by the results shown in Figure 8. Indeed, for
flexible, infinite polymers, reducing the bulk monomer con-
centration by an order of magnitude (nbσ3 ) 0.0001) gives rise
to a monotonically attractive surface interaction. This is
qualitatively different to the repulsive interactions seen at the
higher densities,nbσ3 ) 0.001, 0.01. Indeed, fornbσ3 ) 0.01,
the onset of the repulsive interaction occurs at quite large
separation. Clearly there is an interplay between repulsive
entropic and collisional interactions and attractive bridging

Figure 5. Surface force dependence on adsorption potential potential strength,A, in the presence of flexible chains. Restricted equilibrium conditions
(hT ) 40σ). The dashed line is as defined in Figure 1. (a) 200-mers. The inset is an enlargement of wide slit widths. (b) Infinite degree of polymerization.
The inset is a blow-up, demonstrating the existence of a weak attraction at very long range, close tohT.

Figure 6. Responses to changes of the surface affinity, in the presence of semiflexible chains,ε ) 6. Restricted equilibrium conditions apply
below hT ) 40σ The dashed line is as in Figure 1. Key: (a) 200-mers; (b) infinite degree of polymerization.

Figure 7. Effects of intrinsic chain stiffness, as regulated by the parameterε, under restricted equilibrium conditions (hT ) 40σ). The dashed line
is as defined in Figure 1. Key: (a)r ) 200; (b) r infinite.
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interactions, as the monomer density is changed. At low
concentrations, the bridging component dominates, leading to
an overall attractive interaction, while at higher density the
repulsive terms are larger. One can qualitatively understand these
effects by realizing that the entropic and bridging terms would
scale approximately linearly with the monomer density, while
the collisional term is expected to have a higher order (at least
quadratic) density dependence.

One might argue that the concept of restricted equilibrium,
at least in the sense we have defined it, is less likely to be a
valid description of an experimental scenario when the monomer
concentration is high. This is because at high concentrations
the adsorbing surfaces tend to become fully saturated, and the
slit may contain quite a few chains that are essentially
unadsorbed (“expelled”). Those chains are likely to follow the
solvent as it exchanges with the bulk when the separation is
changed.

Similar behavior is observed for semiflexible polymers, except
that the attractive interactions, obtained for the dilute cases,
extend to larger separations. This is expected, given the longer
range of the bridging interactions. Furthermore, at shorter
separations (h < 10σ), the interactions turn repulsive, due to
the compression of stiffer chains. Large effects of intrinsic chain
rigidity on surface interactions, have also been found at full
equilibrium conditions.6,36,44

Finally, it should be remarked that the surface force is less
sensitive to changes to the monomer density when the concen-
tration is low. This will be highlighted in the “Experimental
comparisons” section.

3.1.6. Nonequilibrium Hysteresis Effects.As already men-
tioned, experimental surface force measurements in polymer
solutions frequently display hysteresis effects, indicative of
inhibited diffusion (nonequilibrium) processes. Specifically, the
measured surface interactions on approach usually differ
considerably from those when the surfaces are drawn apart. In
Figure 9, we have illustrated how this can occur, according to
the model described above. The thin solid line describes the
“usual case”, where restricted equilibrium is imposed athT )
40σ, as the surfaces are pushed together. With infinite, fully
flexible chains, this leads to a repulsion. We assume that the
surfaces are pushed together to a distance ofh ) 5σ, and kept
there for a time long enough to permit the establishment of
complete equilibrium with the bulk solution. As the surfaces
are drawn apart, no further exchange with the bulk is allowed.
The corresponding surface interaction is given by the thick solid
line. In this case, we find a strongly attractive interaction, in
qualitative agreement with most surface force experiments. The
plateau value for the free energy is higher than for the interaction
free energy on approach. This is expected, given the system is

kept in a nonequilibrium state. In an actual experiment, one
would expect the reestablishment of bulk exchange at large
surface separations.

3.2. Experimental Comparisons.In this section, we will
make comparisons between density functional predictions and
some available experimental data. The Derjaguin approximation
is used in order to relate the interaction free energy per unit
area in our planar system, to the force per radius of curvature,
F/R, measured in the experiments.

Thus far our model has assumed athermal conditions for the
polymer solution; i.e., monomers interact as hard cores giving
rise to temperature independent behavior in the bulk. This
corresponds to a Flory-Huggins interaction parameterø ) 0,
a good solvent. However, it is difficult to match these conditions
experimentally, as we usually have little knowledge of the
monomer-monomer potential of mean force. Another drawback
with good solvent conditions is that measured surface forces
generally display considerable hysteresis effects, which makes
it difficult to unambiguously establish the data with which the
DFT predictions should be compared. On the other hand,Θ
conditions are generally better determined, as the temperature
at which the effective second virial coefficient is zero. In
addition, mean-field theories (like our DFT) are more applicable
to Θ conditions, where intrachain correlations cancel out, leading
to ideal-chain configurational behavior. Thus, we shall primarily
make comparisons with experiments performed at or nearΘ
conditions.

Figure 8. Restricted equilibrium (hT ) 40σ) interactions between surfaces immersed in solutions containing infinitely long chains, at various bulk
monomer concentrations. The dashed line is as defined in Figure 1. Key: (a) fully flexible chains,ε ) 0; (b) semiflexible chains,ε ) 6.

Figure 9. Example of a possible hysteresis effect, caused by diffusion-
limited processes. The surfaces are adsorbing (A ) 1) and the chains
are infinitely long, and fully flexible. Triangles pointing left describe
the interaction as the surfaces are pushed together, imposing diffusion
restricted equilibrium athT ) 40σ. Imagine that the surfaces then are
allowed to relax completely, including bulk exchange, ath ) 5σ.
Triangles pointing right are results obtained if the surfaces subsequently
are pulled apart, again under the assumption of restricted equilibrium,
but in this case withhT ) 5σ. The dot-dashed line is a reference,
describing the surface interaction at complete equilibrium. Notice that
the total free energy per unit area (g) is displayed; i.e., we do not
subtract the value at some given separation.
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There have been several previous attempts to theoretically
describe interactions between adsorbing surfaces in a homopoly-
mer solution. Apart from the Scheutjens-Fleer mean-field SCF
approach,5 Pincus, Klein, and co-workers11,12,45,46have devel-
oped and used deGennes3 simplified density functional descrip-
tion of polymer adsorption. In cases where quantitative com-
parisons with experimental data have been made, the range and
strength of the interactions has generally been underestimated
under Θ conditions. Still, Klein and Rossi46 did find good
agreement with experimental data at close separations in agood
solvent.

3.2.1. Polymer Solution Models.In our comparisons, we
choose to focus on a surface force apparatus study by Almog
and Klein (AK),47 of interactions between mica surfaces in a
polystyrene-cyclopentane solution near theΘ temperature. We
will also compare with other experiments, underΘ conditions,
where the mica surfaces were immersed in polystyrene-
cyclopentane48 and polystyrene-cyclohexane49 solutions, re-
spectively. The nature of these experimental systems suggests
the use of Lennard-Jones (L-J) interactions in addition to the
hard core potential acting between the monomers.

For infinitely long polymers, the monomer volume fraction,
η, is zero at the critical point. Thus, theΘ temperature is defined
by the following relation:

With our GFD functional, this leads tokBθ/εL-J ≈ 7.646. Here,
kB is Boltzmann’s constant, whileεL-J is the usual L-J strength
parameter. UnderΘ conditions, the second-order density
expansion of the interaction part of the free energy, predicts an
infinite correlation length for a bulk solution of infinitely long
polymers. This divergence is avoided, in our theory, by higher
order density terms in the density functional.

We shall also assume that monomers are attracted to the
surfaces via a L-J potential, eq 4, where the adsorption strength
is determined by an amplitude parameterAL-J. We shall
maintain the pearl-necklace representation of the polymers.

A realistic polymer solution model should also capture the
experimentally observed radius of gyration of the polymers.
However, this criterion alone does not suffice to specify the
monomer size (or bond length) and intrinsic chain rigidity (ε).
We have therefore analyzed two model systems, both of which
reproduces literature vales47 of the radius of gyration for 6000-
mers and 20000-mers, underΘ conditions. In one of our models,
the chains are fully flexible, i.e.,ε ) 0, and the monomers have
a diameter ofσ ) 6.6 Å. The second model contains semiflex-
ible chains,ε ) 1, whileσ ) 4.8 Å. We believe the latter model
is the most realistic one because one would expect some local
rigidity of the polymers due to the steric hindrance between
phenyl groups. Furthermore, polystyrene has a bulk density of
1.07 g/cm3,49 and withσ ) 6.6 Å, this corresponds to a reduced
density ofnσ3 ) 1.85, which by far exceeds cubic close packing!
On the other hand, for the semiflexible chain model,σ ) 4.8Å,
giving nσ3 ) 0.7, which is a more reasonable value. Despite
good argument to support the semiflexible model, the experi-
mental data does not allow a unique specification ofσ andε. It
is therefore reassuring that that our results using these two
models are in close agreement (see below).

AK analyzed surface forces in the presence of 6000-mers and
20000-mers, respectively, at a polystyrene concentration of 15
µg/mL. This corresponds to bulk monomer concentrations of
nbσ3 ) 0.000026 and 0.00001, for our flexible and semiflexible

polymer models, respectively. AK specifically focused on how
these interactions respond to variations of the surface saturation.
Undersaturated conditions were accomplished by allowing a
short incubation period, following addition of polymer to the
solution. Given our simplified model system, we are left with
two unknown parameters, for the systems corresponding to “long
incubation times”. The unknowns are the surface potential
strength,AL-J, and the restricted diffusion threshold separation,
hT. Fortunately, as illustrated below, they have a rather weak
influence on the surface interactions.

The experimental measurements, subsequent to long incuba-
tion times, displayed (see below) a rather long-ranged repulsion.
Assuming that these conditions correspond to full surface
saturation, the long range of the repulsion implies that the
surfaces are covered by rather thick layers of polystyrene. Hence,
we expectAL-J to be strong enough to generate liquid-like
monomer densities in the vicinity of the surfaces. On the other
hand, physical arguments prevents the use of an adsorption
potential minimum that is much deeper than one or twokBT
(per monomer). We shall use a reference value ofAL-J ) 5,
which gives a potential minimum of about-1.4kBT. As we shall
see below, the DFT predictions of our model systems under-
estimate the range of the surface interactions. In principle this
might suggest that we have underestimated the surface affinity,
as manifested byAL-J. This is also supported by experimental
adsorption values47 of 2.5 ( 1.5 mg/m2. This value, although
of low accuracy, and based on certain assumptions, does seem
to significantly exceed the corresponding calculated value, 0.6
mg/m2, for 20000-mers andAL-J ) 5. However, the adsorption
increases very slowly withAL-J, and any physically reasonable
value leads to a calculated adsorption which is smaller than the
one quoted in the experimental work. The weak dependence of
Γeq (as well as the range of the surface forces) onAL-J, is
demonstrated in Figure 10. Since the adsorption potential is
rather short-ranged, the monomer density primarily respond in
a narrow region close to the surfaces, when the surface potential
parameter is increased. This largely corresponds to a flattening
of adsorbed chains, and a 40 % increase ofAL-J only results in
a 20 % increase of the calculated adsorption, to about 0.7 mg/
m2. This is also manifested in the surface interactions, where
we see an increased amplitude of the forces, but with an almost
constant range.

As in the experiments, we assume that the surfaces are able
to absorb polymers (incubate) at wide slit widths. In our case,
this corresponds to separations greater than or equal tohT )
80 nm. We assume restricted equilibrium conditions apply below
hT, fixing the number of confined monomers per unit area to
some prescribed value,Γ ) ∫0

hT/2 n(z) dz. For very long
incubation times, we expect thatΓ ) Γeq, where the latter
quantity corresponds to the maximum adsorption allowed by
equilibrium. It is of course possible that diffusion restrictions
apply at even larger separations. In principle, this can be
accounted for by choosingΓ > Γeq. However,Γeq, and thus the
surface interaction, increase very weakly withhT at such low
monomer concentrations. This is due to the relatively rapid
decay of the monomer density profiles, the range of which is
determined by the radius of gyration, which is shorter than the
bulk correlation length for the finite-sized polymers. However,
for infinite polymers, the surface density profiles are governed
by the bulk correlation length, rather than by the radius of
gyration. At such low concentrations, the former is quite large
and, in this case,Γeq displays a significant dependence onhT.
This is highlighted in Figure 11.

(∂2Pb

∂η2 )
η

) 0 (30)
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Obviously, for the 20000-mersΓeq, and thus the surface
interactions, are essentially independent ofhT in the regime
beyond 80 nm. This is, however, not the case when the chains
are infinite. The difference between finite and infinite chain
behavior, in terms of dilution effects and the range of correla-
tions, highlight the possible risks of using infinite chain theories
to make predictions for polymers of finite length.

Before we proceed to experimental comparisons, we will
demonstrate that our flexible and semiflexible polymer models
lead to similar surface force predictions. In Figure 12, we have
compared DFT predictions of surface interactions, assuming
restricted equilibrium conditions, and full saturation athT ) 80
nm. We see that predictions from the semiflexible chain
approach are remarkably similar to corresponding ones with the
fully flexible model. Hence, even though we believe the
semiflexible model to be somewhat more realistic, this improve-
ment has little impact on the predicted surface forces. On the
other hand, this implies that the predictions are robust. Still,
there are some differences to be noted. With short chains, the
semiflexible model predicts more attractive interactions, having

a slightly shorter range, than its flexible counterpart. In the
presence of long chains, however, we find opposite qualitative
differences.

3.2.2. Comparisons underΘ Conditions. The close agree-
ment between predictions from either model allows us to limit
ourselves to one of them, as we make experimental comparisons.
Since we argue that our semiflexible model is the most realistic
one, we will henceforth adhere to that choice.

In Figure 13, we have compared predictions and measure-
ments of interactions in the presence of 20000-mers, including
results from a 10000-fold dilution (nbσ3 ) 2.6 × 10-9).
Experimental data have been obtained from reference.47 The
qualitative response to dilution, as well as to undersaturation,
is correctly reproduced by the theory, but the predicted
interactions are more short-ranged than the corresponding
measured ones. The experimental results indicate that the
underestimation of polymer surface adsorption by the density
functional theory, has a significant effect on the resulting surface
forces. However, as discussed earlier, this is probably not due
to an underestimation ofAL-J (or hT). A more likely source is
the possibility that there is another mechanism for a longer
ranged force between surface polymer. For example, there is
always some degree of ionic dissociation of the mica surface,
even if the solution is a low dielectric fluid. If trace amounts of
water are present, it will presumably accumulate at the surfaces
and possibly impart a slight degree of surface dissociation. The
presence of small amounts of water may have a profound
influence on surface interactions in simple nonpolar liquids.50

One may envisage a significant long-ranged tail in the monomer-
surface adsorption potential, even if the surfaces only are only
very weakly charged.

This notwithstanding, given that the model description itself
is coarse-grained, the overall agreement is reasonably good. We
also note that Ingersent et al.,12 who modeled this system with
a developed version of the deGennes density functional analy-
sis,3 underestimated the range and strength of the surface
interactions by factors of 3.8 and 2.4, respectively.

It should be further noted, that experimental results also
contradict each other. For example, measurements by Hu and
Granick displayed a clear minimum under similar conditions
(5100-mers), provided that the surfaces were approaching or
receding slowly enough. In an earlier experiment,49 on a
polystyrene-cyclohexane solution atΘ conditions, a rather
strong attractive interaction was found even after “long”
incubation periods (6000-mers and 9000-mers), whereas Almog
and Klein only found a monotonic repulsion (6000-mers and
20000-mers). The discrepancy between these experimental
findings are, together with corresponding density functional

Figure 10. Responses to changes of the surface adsorption amplitude,AL-J, for the fully flexible (ε ) 0) polymer model. Density functional
predictions, for a model system with Lennard-Jones interactions. BelowhT, restricted equilibrium conditions apply, i.e., the number of confined
monomers per unit area, 2Γ, is constant. We denote by 2Γeq, the number of monomers per unit area, as obtained from full equilibrium calculations
at a separationhT ) 80 nm. Key: (a) monomer density profiles; (b) surface interactions.

Figure 11. Responses to changes ofhT. The results are given for the
fully flexible chain model,ε ) 0.

Figure 12. Comparing predicted surface interactions, using flexible
(ε ) 0) and semiflexible (ε ) 1) polymer models, respectively.
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predictions, illustrated in Figure 14. Strictly speaking, the
experiments in ref 49 were performed at a slightly lower
concentration, but the difference was too small to be of
importance. Possibly more crucial is that these experiments were
subsequent to similar ones at a lower temperature. It is unclear
to us if the quoted incubation time (35 h) was conducted only
at theΘ temperature. At any rate, the observed experimental
differences may have several causes beyond those which can
be addressed by a polymer solution theory.

3.2.3. Effects of Solvent Quality.Having evaluated the DFT
underΘ conditions, we will now include a brief discussion on
predicted and measured responses to changes of the temperature,
i.e., to the solvent quality.

In Figure 15, we observe how the range of the surface forces
increase with temperature, particularly as it drops below theΘ
temperature. Long chains clearly display a strong response to
temperature changes. It should be pointed out thatT ) 0.95Θ
is below the critical temperature for 20000-mers. The temper-
ature dependence is less drastic for short chains (not shown).
The observed trend, for calculations below theΘ temperature,
is in agreement with experimental findings by Hu and Gran-
nick,48 although they found rather strong attractive interactions,
in analogy with the results shown in Figure 14.

The large effect of small changes to the solvent quality
suggests a possible source for the conflicting experimental
findings. In particular, we note the significant increase of the

range of the interactions in these systems (as predicted by the
density functional theory). This suggests a much higher degree
of polymer adsorption. Small amounts of impurities might
change the solvent quality somewhat, and this can obviously
have a strong influence on the observed forces. Experimentally
measured forces are indeed sensitive to the presence of small
amounts of other solvents.51,52

3.2.4. A Different Polymer Solution Model.We end these
analyses by reporting some calculations based on modified
density functional approach. utilizing a different set of assump-
tions than used in the model above. Specifically, we note that
since we do not include solvent particles explicitly, we are
implicitly adopting a McMillan-Mayer picture of the solution.
This means, that provided we assume the polymer solution to
be globally incompressible, we can directly relate the osmotic
pressure to the solvent chemical potential. On the other hand,
we allow the monomer density to attain any value locally. This
is also the kind of model that is typically used in simulations.
A different assumption is made in Flory-Huggins based
theories, where the solutions is assumed to belocally incom-
pressible, usually via a lattice description. We have developed
a continuum density functional version of the Scheutjens-Fleer
theory, which invokes local incompressibility. This means (see
below) that the monomer density can never exceed the
prescribed constant total density of the solution. Which is the
best way to describe a polymer solution, using an implicit
solvent approach? This is a very difficult question that cannot
be answered by comparisons with simulations, unless these
simulations include an explicit solvent. Even in the latter case,
there is a risk that the results are sensitive to model parameters.
It is of interest to see if the locally incompressible fluid (LIF)
model will perform better than the “globally incompressible
fluid” (GIF) density functional results above, when compared

Figure 13. Interactions between mica surfaces, in the presence of a cyclopentane-polystyrene solution, at theΘ temperature. The chains are
semiflexible,ε ) 1, and the monomer diameter isσ ) 4.8 Å. The bulk monomer concentration isnbσ3 ) 0.00001, except for the curves marked
“diluted”, which correspond to a 10000-fold dilution. (a) Density functional predictions. We reiterate that restricted equilibrium conditions apply
belowhT. Here, the number of confined monomers per unit area, 2Γ, is constant. 2Γeq is the number of monomers per unit area, as obtained from
full equilibrium calculations at a separationhT ) 80 nm. The curve indicatedΓ ) 0.75Γeq thus corresponds to undersaturation, i.e., “short incubation
time”. (b) A rough reproduction, by simple “graph reading” (symbols), of Figure 8 in the work by Almog and Klein,47 measuring interactions
between mica surfaces immersed in a cyclopentane-polystyrene solution. The lines are obtained from a splines fit.

Figure 14. Interactions between mica surfaces at theΘ temperature.
The polymer model is identical to that in Figure 13, except that the
chains here are shorter:r ) 6000. The experimental data have been
reproduced from approximate readings of Figure 3 in ref 47, Figure 1
in ref 48, and Figure 3b in ref 49. These data were obtained for
polystyrene dissolved in cyclopentane (refs 47 and 48) and cyclohexane
(ref 49), respectively. In all cases, the measurements were claimed to
be performed at “full saturation”. The crosses display corresponding
density functional predictions (DFT).

Figure 15. Responses to changes of the temperature (solvent quality).
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with experiments.
We obtain the LIF density functional model by rewriting the

grand potential (eq 8) as

whereFex is a functional of thelocal total density, andµs is the
chemical potential of the solvent. The total density,n0, is
constrained to be constant, i.e.,Fex is constant and the free
energy can be considered a functional of the monomer density
only. We have used the standard choicen0σ3 ) 1, corresponding
to cubic close packing.

The comparison is made, for our semiflexible chain model,
in Figure 16. We see that the dependence on polymer length is
more dramatic in the locally incompressible model. Still, given
the scatter in experimental data, is it relieving to find such a
good agreement between results from these different ways in
which polymer solutions are modeled. It should be pointed out
that it is easy to include spherical models of solvent molecules
explicitly in the DFT. The disadvantage of such an approach is
that the number of unknown parameters then increase even
further.

4. Conclusions

We have studied the interaction free energy between two
attractive surfaces, immersed in a polymer solution. We impose
so-called “restricted equilibrium” conditions: beyond a certain
cutoff separation,hT, polymers are able to exchange freely
between the bulk and the interstitial region. Below this separa-
tion, however, they are unable to diffuse in or out from the slit.
A rich variety of possible interactions between surfaces is
predicted by the density functional theory. The qualitative
behavior of these surface forces is determined by parameters
such as surface attraction, bulk monomer density, and chain
length and stiffness, as well as the quality of the solvent.

As expected, restricted equilibrium interaction free energies
are more repulsive, when compared with the full equilibrium
case. Comparison between finite and infinite length polymers
show a systematic increase in repulsion as the polymer length
is increased, due primarily to the greater density of monomers
present between the surfaces for the longer chains. The same
trends are observed when the polymers are semiflexible. The
surface repulsion increases with bulk monomer density and, at
low enough concentrations, bridging forces generates a signifi-
cant attractive regime.

The dependence of surface forces on the strength of the
surface attraction is rather complex. A stronger surface affinity
will naturally attract a larger number of polymers. This will
strengthen the repulsive as well as the attractive contributions
to the forces. Hence, the net outcome is nontrivial and
nonmonotonic.

Hysteresis effects, observed in surface force experiments, can
be mimicked by bringing the surfaces together under restricted
equilibrium and allowing the system to reestablish equilibrium
at short separations, before the surfaces are separated again under
these new restricted equilibrium conditions.

It would be desirable to test these results against computer
simulations. The simulations would pose fewer difficulties
compared with the full equilibrium systems. In the latter systems,
performing exchanges with a bulk are problematic due to the
high probability of polymer-polymer overlap.

The latter part of this work contains experimental compari-
sons. In this case, potentials of mean force between the species
can only be roughly estimated. Nevertheless, theΘ condition
reduces the number of independent thermodynamic variables.
We have demonstrated that our density functional theory
reproduces the same qualitative response to changes of under-
saturation, as well as to dilution and temperature change. The
range of the surface forces appears to be underestimated, but
there are also significant discrepancies between experiments
conducted under seemingly similar conditions. A plausible
explanation of the underestimated range, is that we have
assumed monodisperse samples. In a polydisperse solution, long
chains will be preferentially adsorbed at the surfaces. This
suggests a dominance of the large molecular weight tail of the
chain length distribution, i.e., more long-ranged interactions than
implied by the average degree of polymerization. Another
possible source of the discrepancy is that while our theoretical
approach always monitors the free energy minimum, subject to
the imposed constraints, measured surface interactions may
suffer from nonequilibrium effects. Specifically, it is possible
that bridge formation is suppressed by large free energy barriers,
as two saturated surfaces approach. With undersaturated sur-
faces, it is presumably easier for adsorbed chains to find “open
spots” on the adjacent surface. Such behaviors can in principle
be handled by the density functional approach, by imposing
further restrictions. One could, for instance, limit the number
of acceptable configurations to those where the chain ends are
on the same side of the mid plane between the surfaces. This
might be a plausible model for the case of saturated surfaces.
The problem is how to unambiguously allow for bridge
formation at undersaturated conditions.

The range of the surface interactions are, for long chains,
dramatically increased when the solvent quality is just slightly
poorer than underΘ conditions. Hence, small amounts of
impurities can have a significant influence on the measured
forces. This might be one of the reasons why experimental
results deviate, even for systems that are very similar.

An important finding in this study is that the predicted surface
interactions are insensitive to “reasonable” changes of param-
eters that we have little knowledge about, e.g., intrinsic chain
stiffness and surface potential strength. We have also noted that
the infinite chain length version of the DFT is useful, with very
rapid numerical solutions. Still, one has to be careful when
interpreting the predictions, especially when the bulk monomer
concentration is low. In those cases, there are some qualitative
behaviors that only can be captured by treating the finite size
of polymers properly.

Figure 16. Comparing density functional predictions of implicit solvent
polymer solution models, in which an assumption ofglobal, GIF (eq
8), or local, LIF (eq 31) fluid incompressibility is assumed.

âΩ[N(R)] ) âFid[N(R)] + ∫ {n0 - n(z)}{ln[n0 - n(z)] -

1} dz + âFex + ∫ â{Vex(z) - µp}n(z) dz -

∫âµs{n0 - n(z)} dz (31)
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